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Abstract 

The action reaction principle is violated by the projection of state in 
some simple quantum measurements. A formulation of Quantum Mechan¬ 
ics in an extended phase space is proposed in order to restore the action 
reaction principle. All predictions of the standard theory are reproduced. 
Observable effects of an accompanying de Broglie wave are also predicted. 
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1 Introduction 

The action reaction principle (ARP) is as firmly established as the conservation 
of energy. Theoretical models where one or the other is not fulfilled have most 
probably incomplete phase spaces, and additional variables in an extended phase 
space will restore them. The axiom of measurement in Quantum Mechanics 
(QM) violates the ARP in simple examples. This paradox would not appear if 
the phase space of standard QM were incomplete. The wave function collapse, 
projection of state, generates many paradoxes in the interpretation of QM, and 
a possible incompleteness of the theory was already considered in the seminal 
paper [7]. 

Alternative formulations and interpretations incessantly appear although the 
scientific success of QM is overwhelming; see e.g. [6] for a detailed bibliographic 
list up to 2004. No-go mathematical results m 0 rule out alternative formu¬ 
lations with hidden variables fulfilling the hypothesis of the theorems. On the 
other hand, alternatives as Bohmian mechanics [3] are explicit examples of con¬ 
sistent models with hidden variables, obviously not fulfilling the hypothesis of 
those no-go theorems. 

With regards to Bell’s theorems, there has been a wide research activity 
around which of the hypothesis is (or are) not fulfilled by the laws of Physics. 
Logic, axioms of mathematical probability, even realism, have each open more or 
less fruitful lines of study in different fields, although none seems to be relevant 
in fundamental Physics. 

Non locality is acknowledged as the most probable property of the real world 
that explains the violation of Bell’s inequalities in experiments [T]. But that 
seems to be incompatible with relativity. The non local interaction between 
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measurements of an entangled pair is very different from known fundamental 
interactions (electromagnetic, gravitational, ...). It acts between events ei¬ 
ther spatially or causally separated, it does not decay with distance and it is 
specifically directed towards the entangled pair. No theoretical model of its 
mechanisms (as, e.g., gauge theories) has been proposed, neither an isolated 
effect of an hypothetical signal over an apparatus has ever been detected. 

Standard Quantum Mechanics is non local through the projection of state, 
the same axiom that crashes with the ARP, unitary evolution, etc. It seems 
reasonable to look at the established theory in order to find some other ingredi¬ 
ent of the mathematical formalism that could be the cause of violation of Bell’s 
inequalities, instead of a non local projection of state. 

Born’s rule, a distribution of probability obtained from a distribution of 
amplitude, is not considered in the hypothesis of Bell’s theorems; e.g., typical 
interference phenomena as in the two slit experiment can not be reproduced 
with a distribution of probability 0. A window is open to assign the violation 
of Bell’s inequalities in Nature to the description of physical states through 
distributions of amplitude, instead of non locality of the wave function collapse. 

Violation of the ARP in the projection of state suggest to extend the phase 
space. An extended Hilbert space will necessarily contain elementary states with 
joint precise values of non commuting magnitudes. It seems that such states 
would violate the uncertainty principle. The point is if the uncertainty principle 
applies to the description of states or it just determines a fundamental limit of 
accuracy to the knowledge (through measurement) of conjugate variables. 

Commutation relations apply to evolution in Hamiltonian dynamics. In 
Classical Mechanics, functions on the phase space (e.g., conjugate variables) 
commute under the usual product, and do not generically commute under the 
Poisson bracket operation q The existence of quantum states with joint pre¬ 
cise (hidden) values of non commuting magnitudes could be consistent with an 
uncertainty principle for joint measurement of these magnitudes. 

In [in], I presented a mathematical framework with an extended phase space 
for spin variables, consistent with the standard theory. The model is inspired 
in the path integral formalism, where I consider the formal hypothesis that 
there are families of virtual paths characterized by joint precise final values of 
non commuting physical magnitudes, as position and momentum (x,p), or spin 
in two or more directions (si, S 2 , ■ ■ ■)■ Sum of exp{iS/h), S the path integral, 
for all paths in the family determines a distribution of amplitude 'I'(x,p) or 
'I'(si, S 2 , • ■ •) in an extended phase space. The orthodox state in the standard 
phase space is then obtained by addition of amplitudes, i.e., computation of 
marginal amplitudes, for all families with common value of the considered mag¬ 
nitude, e.g., 'I'(a;) = J dp 'i'^Xjp). Bell’s type inequalities do not apply; the 
fundamental ingredient is, as in the usual formulation, a distribution of am- 

^In a minimum of the diffraction pattern there is no way to get a near vanishing total 
probability by addition of two positive independent ones, which is a kind of trivial Bell’s type 
inequality. 

^This fact necessarily limits accuracy of classical joint measurements, although there is no 
Plank’s constant as fundamental lower bound. 
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plitude (here in an extended phase space with hidden variables), and not a 
distribution of probability, 

The main physical hypothesis of the proposed theory, introduced to restate 
the ARP, are the existence of an accompanying subsystem, the de Broglie wave 
[3, and additional variables for the corpuscular (sub)system. Elementary states 
of a quantum system are characterized by a family of precise joint values of 
all physical magnitudes representing the particle (corpuscle) behavior, and a 
distribution of amplitude (ray in a Hilbert space) representing its wave like 
behavior. Bell’s experiments with spin variables on a sample of entangled pairs 
[5] (and Aspect’s for polarization variables [T]) appear in this theory as local 
interference phenomena, analogous to the two slit experiment. 

The aim of this paper is to apply the former hypothesis to a generic quan¬ 
tum system and arbitrary family of magnitudes. Section 2 reviews the physical 
arguments, the need to extend the phase space in order to preserve the ARP. 
In Section 3 the mathematical framework of the theory is presented, and its 
correspondence with standard QM established. Section 4 develops the descrip¬ 
tion of composite systems and entanglement. Interference terms in the marginal 
amplitudes give account of the apparently non local correlation between mea¬ 
surements. Particular cases, the two slit experiment and the phase space of spin 
variables, are presented in Section 5. 


2 Quantum measurement and the action reac¬ 
tion principle 

The ARP represents, in its most generic terms, a basic hypothesis of dynamical 
theories. An isolated composite system evolves, with regards to some coarse¬ 
grained variables, as a free elementary system. Internal variables must be cor¬ 
related: departure from the free dynamics of a subsystem is accompanied by 
a corresponding departure of the other. Third Newton’s law is necessary for 
the consistency of Classical Mechanics; otherwise, the first law would not have 
been established, because elementary classical systems are composite at a mi¬ 
croscopic level. The ARP is independent of the particular type of interaction 
between subsystems; it belongs to the foundations of Physics and its generic 
framework (ideal isolated systems, free dynamics, ...). 

Friction forces apparently violate the conservation of energy; obviously, there 
are additional (microscopic) variables giving account of the lost energy in the 
balance, and all known fundamental interactions are conservative. In Brownian 
motion, the pollen grain receives impulses from unobservable systems, the fluid 
molecules; once incorporated the corresponding variables in an extended phase 
space, an opposite impulse balances the momentum equation. 

The ARP and the axiom of quantum measurement are contradictory. One or 
the other must be rejected in its present formulation. Let \ai > be the state of 
a quantum system, eigenstate of a physical magnitude A. When A is measured, 
the result of measurement is oi with certainty, and the final state of the system 
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is again \ai >, with trivial projection of state. The pointer of the measurement 
apparatus has changed of state, from a neutral position to the result “oi”. ARP 
is violated. 

In a theory with additional variables in an extended phase space, elementary 
states of the quantum system should be described by joint precise values of non 
commuting magnitudes, because maximal families of compatible magnitudes are 
already considered in the standard formulation. In the orthodox Hilbert space 
% there are not common eigenstates for incompatible magnitudes; an extended 
Hilbert space T-Lext, with different representation of physical magnitudes, will be 
the first ingredient of the proposed framework. 

Let cijoi > + C 2 |a 2 > be the initial state of a quantum system, an elemen¬ 
tary particle, and suppose wave packets of the two components are spatially 
separated (e.g., with a Stern Gerlach apparatus). A particle detector is located 
in one of the “virtual” paths, |ai >, and the result of measurement is negative 
H. The new, projected state of the system is |a 2 >. The detector has not, appar¬ 
ently, changed of state, and the ARP is violated in this indirect measurement. 

Obviously, the detector is designed to show an observable response when 
interacting with a particle located in the surrounding spatial region. Perhaps 
some type of non local interaction between particle at |a 2 > region and detector 
at |ai > happens, an interaction that does not generate an observable response 
in the detector. 

I will consider an alternative hypothesis: the detector interacts with a sys¬ 
tem spatially located in its neighborhood. This hypothetical system is not the 
particle, which is certainly located away. An hypothetical wave like system, 
which will be denoted the de Broglie wave, does not generate the same reaction 
than a corpuscular system, and another type of detector should be designed to 
observe a response. An accompanying wave of an isolated particle is a wave in 
vacuum, the vacuum becoming a relevant physical ingredient in non relativistic 
QM, as it is relevant in the opposite length scales of Quantum Field Theory 
(e.g., Casimir energy) and Cosmology (dark energy). 

Let us suppose that an elementary particle, and in general a quantum system, 
is a composite of a corpuscular subsystem and a wave like subsystem. The 
corresponding phase space of the composite system must describe states of both 
subsystems. If the standard representation ci|ai > -I- C 2 |a 2 > in %, or the co¬ 
rresponding vector in an extended Hilbert space T-Lext, is associated to the de 
Broglie wave (as seems to suggest interaction of the detector with the |ai > 
wave component and not with the particle), additional variables of state for the 
corpuscular component (known to be located at the spatial region of the other 
wave packet |a 2 >) must be considered for a total phase space x 

3 Extended phase space 

We must confront the standard phase space of a quantum system, the Hilbert 
space with an extended phase space ^ 'pcorp (describing both com¬ 

mit will happen with relative frequency |c2p. 
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ponents, wave like and corpuscular subsystems. First, a formal path integral 
formalism is considered. Then, the definition of an extended phase space for 
a generic quantum system S and arbitrary family of physical magnitudes J- is 
given. A correspondence between states in both formalism determines equiva¬ 
lence of the theories, with regards to phase space description. 

3.1 Abstract path integral formalism 

S denotes a quantum system, = {A, B,C,.. a generic family of N physical 
magnitudes (observables) of S, Ma = {at} the set of possible values of magni¬ 
tude A, Mb = {bj} of B, etc. Additional magnitudes can be incorporated if 
needed; in many cases some magnitudes are ignored, when they are not corre¬ 
lated to those of our interest 0. An element A G Mjr = Ma x Mb x Me • • •, 
A = (oi, Cfe,...), is a A^-tuple of values of all magnitudes in J^. 

Let us consider an abstract, formal set of virtual paths, such that we can 
assign to each of them an action integral S (path) and a final value A0. [path]{X) 
denotes the subset of paths with final value A = {ai,bj,.. We formally define 
the amplitude 



( 1 ) 


[path]{X) 


It is possible to fix the values of a subset of magnitudes C J-, and 
define Z{Xi), Ai G Mbi, by addition of elementary terms exp{iS/K) for all 
paths with common values Ai. The amplitude Z associated to a family of 
paths union of disjoint subfamilies with corresponding amplitudes Zi, Z 2 , ..., 
\s Z = Zi -\- Z 2 + ■ ■ ■ ■ For example, Z{Xi) = X] 7 ri(A)=Ai previous 

case Ai G M^i, with tti the natural projection tti : Mjr —>• Mjr^- 

In the standard treatment [8] , the family considered is one made of com¬ 
patible magnitudes, with vanishing commutation relations, e.g. final position 
coordinates. A quantum state of S is completely determined through a dis¬ 
tribution of amplitude Z{Xi), which defines a vector \S >= Z{Xi)\Xi > 
in the corresponding Hilbert space "H, generated by elementary states |Ai >= 
\{ai,bj,...) >, common eigenvectors of the family of self adjoint operators rep¬ 
resenting the magnitudes in . 

Another family of magnitudes B 2 (compatible among themselves, but not 
with all of Bi) has its corresponding basis of eigenvectors, and the relations be¬ 
tween bases of eigenvectors |Ai > and IA 2 > is consistent with the commutation 
relations (quantization rules) of operators. Given the change of bases the new 
distribution ^(A 2 ) is obtained from Z{Xi), Z{X 2 ) = X^Ai ^ ^ 2 |Ai > .^(Ai). 

^Magnitudes in y are not necessarily functionally independent, as would be a coordinate 
description of classical phase space. Angular momentum, for example, is a vector but com¬ 
ponents in three independent directions do not exhaust the quantum information, because 
operators in additional directions do not commute with the selected three. 

specific description of the set of paths and rules of assignment should be given if no 
alternative way to determine states is available. 
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In the abstract path integral formalism, we can express the amplitude Z[\2) 


as 


Z{\2) = e^Sipath) ( 2 ) 

Ai [path]{Xi)n[path]{X2) 

where the set of paths [pat/i] (A2) has been decomposed into disjoint subsets 
[path] (Ai) n [path]{X2). Denoting Z{Xi, X2) the amplitude associated to the 
family of paths [path]{Xi) fl [pat/i](A2), 


Z(Ai,A2)= Y (3) 

[pat/i](Ai)n[pai/i](A2) 

we can obtain both Z(Xi) and ^(A2) as marginal amplitudes 

Z(Ai)=^Z(Ai,A2) Z(A2) = ^Z(Ai,A2) (4) 

A 2 Ai 

In this way, we can get any orthodox representation of a state (associated to a 
family of compatible magnitudes) from a representation in an extended phase 
space (associated to a larger family of non commuting magnitudes) [§. 

We consider next the formulation of a non relativistic Quantum Mechanics 
inspired in the former abstract path integral formalism, making the hypothesis 
that a distribution of amplitude defining a vector (ray) in an extended Hilbert 
space represents a state of the quantum system. Being inspired in the path inte¬ 
gral formalism, a relativistic quantum theory in an extended phase space could 
be formulated when a Lorentz invariant action were considered. Notice that 
virtual paths arriving to a space time event are contained inside its past light 
cone, i.e., acausal interactions do not appear through the amplitudes obtained 
in this way. 

3.2 Extended phase space 

If the phase space of the quantum system is to be extended, the family of 
magnitudes considered in must contain non commuting operators. In the 
former abstract path integral, a distribution of amplitude Z(X) determines the 
quantum state, where A G Mjr is a N-tuple of values of magnitudes in T. 

We define a Hilbert space hLexti generated by vectors ||A >= \\{ai,bj, Ck, 
...) >, orthonormal vectors representing elementary states of S with joint pre¬ 
cise values of all magnitudes in Operators representing the magnitudes 
(denoted with the same symbols) A, B, etc., have the basis ||A > of common 
eigenvectors, with eigenvalues Oj, bj, ... US' >= > is a generic vector 

of state in Hext- 

®Families tFi and T2 can contain a common subfamily Tc = T\ PI T2 of magnitudes; the 
set of paths characterized by joint parameters Ai and A2 which do not share the same values 
in Tc is void. Both Ai and A2 must project onto a common A^,. 
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By construction, B, etc., commute. This represents the fact that ele¬ 
mentary states of the system have joint precise values of all considered mag¬ 
nitudes. Together with operators A, B, etc. introduced in the definition of 
the phase space TLext, we will need additional operators A'^, B‘^, ..., acting on 
T-lext to represent the dynamical role of magnitudes, e.g., when they appear in 
the Hamiltonian. The “phase space” representation A, B, etc., preserves the 
commutation property of usual multiplication of functions, while “dynamical” 
representation A‘^, B‘^, ..., would fulfill the usual quantization rules. Dynamics 
is not considered in this article, only an alternative phase space representation 
of quantum states is analyzed. 

Together with the extended Hilbert space Hext, we introduce a label Aq S 
Mjr characterizing the physical state of the corpuscular component of S. Both 
subsystems, de Broglie wave and particle, are described by (US' >,Ao) in a 
complete phase space 'Hext x Mjr. Aq determines the value of an arbitrary 
measurement on state (||S >,Ao); the result of an A measurement is 7 rA(Ao) 
(some Oi), where : Mjr —>■ Ma is the natural projection. 

Aq is hidden, we can at most know precise values for a maximal family of 
compatible magnitudes, a subfamily of J-. The observable relative frequencies 
for an arbitrary measurement on an ensemble ||S > of states (||S >,Ao), i.e., 
with common component ||S > and all allowed values of Aq, is obtained from 
the distribution of amplitude through Born’s rule. 

Born’s rule [ 1 ] at Hext is defined in two steps as follows. If we want to obtain 
a (perhaps formal) distribution of probability T’(Ai) for a subfamily Hi C H, 
T\ = {D,E,G,.. Ai G we first project US' > onto the Hilbert space 

generated by vectors ||Ai >, n : Hext -t Hi, ti(||A >) = || 7 ri(A) > = ||Ai >, 
i.e.. 


H(II (a^, hj, C}z , di , 6 , 72 , Qn, ■•■) — 11(^^,6777, 3 n, ...) ^ ( 5 ) 

with A = {ai,bj,Ck,di,em,9n,---) G Mjr and Ai = {di,e^,gn, ■ ■ ■) G Mjr^. 

For ||S >= ^('^)ll'^ ths projection ||Si > is 


||Si >=ri(||S>)=^ 

Ai 


E 


, •7ri(A)=Ai 


l|Ai> 


( 6 ) 


The coefficient Z{\i) of an elementary state ||Ai > in Hi is the marginal am¬ 
plitude obtained from Z(X), 


Z(Ai)= ^ Z(A) ( 7 ) 

7ri(A) = Ai 

In the abstract path integral, this is the union of disjoint families of virtual 
paths characterized by different A in a larger family characterized by a common 

Ai. 

The second step is the standard T’(Ai) = \Z{\i)\^. Obviously, in general 
l^(Ai)P ^ S7i-i(a)=Ai l^(A)p5 that is, the probability distribution P(Ai) does 
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not match the marginal probability distribution P'{Xi) = X]ii-i(a)=Ai ob¬ 
tained from the formal probability distribution P{X) = |Z(A)p associated to 
the amplitude distribution Z{X). 

The former Born’s rule can be interpreted as a representation of the cor¬ 
relation (or interaction) between the corpuscular and wave like subsystems. 
Contextuality of QM is in this formulation a consequence of interference, with 
different interference results for different marginal amplitudes. The interference 
that appears in marginal amplitudes can not be generically reproduced with 
marginals of a distribution of probability in Mjr^ as Bell’s theorems show. 

The formal P{X) is not observable, no joint measurements of all magnitudes 
can be consistently performed. The unobservable P{X) does not reproduce ob¬ 
servable probabilities through marginal probabilities. For example, in the two 
slit experiment the diffraction pattern is not obtained from a sum of probability 
distributions for each individual slit; interference, or sum of wave like degrees 
of freedom, is a more adequate analogy. Generically, an observable P{Xi) dis¬ 
tribution is calculated through the sum of wave like degrees of freedom in the 
marginal amplitude and Born’s rule. According to the path integral point of 
view, all amplitudes are calculated in a strictly causal way, through integral 
along virtual paths inside the past light cone. 

3.3 Correspondence 

For a quantum system 5, let be a family of physical magnitudes, and T-Lext 
the associated extended Hilbert space, generated by the basis {||A >}. 'Hqm 
will denote the standard Hilbert space, orthodox quantum phase space of S. For 
each orthonormal basis {|Ai >} in T-Lqm of common eigenvectors of a maximal 
family of compatible operators in a subfamily Jq C P, we describe next the 
mathematical conditions for a correspondence between vectors jjA >G Hext and 
|S' >€ Hqm representing the same physical state (or ensemble) of S. 

The most direct (and strongest) conditions are simply the equations (7ri(A) = 

Ai) 


ti(||A>) = ||Ai>=|Ai> n{\\S>) = \S> (8) 

Marginal amplitudes of Z{X) will match z(Ai), for \\S >= Z{X)\\X >, [A >= 

Eai ^(Ai)|Ai >, i.e., E 7 ri(A)=Ai = ^(E). 

However, the observable properties of the physical state are determined by 
the ray [jA >] = {cjA >} (c arbitrary complex numbers), so that it is enough 
that rays [ti(||« 5' >)] and [[S' >] coincide. The corresponding equations will 
be projective ones, which I will denote with the symbol Maintaining the 
identification ||Ai >= |Ai > we have 

E (9) 

7ri(A)=Ai 

The mildest way of the correspondence takes into account the freedom in 
phase that exists in the definition of a basis of eigenvectors, even after nor- 



malisation. We could state, for each subfamily T\ and each one dimensional 
eigenspace [|Ai >], a relation 


||Ai >= > (10) 

which determines the projective equation 

I E Z{\)\-,.\z[\,)\ (11) 

7ri(A)=Ai 

These equations should be solved for the Z{\) (defining US' >), given the - 2 :(Ai), 
z(A 2 ), ^(Aa), ...of |S > for all maximal subfamilies ^ 2,^3 , ... C T of 

compatible magnitudes 0. The abstract path integral suggest there could be 
solution in a generic physical case; 1 do not have proof of that. Equations are 
linear (projective), and obviously no positivity condition appears, amplitudes 
are not even real numbers 0. 

A correspondence for the dynamical operators would also be needed. In 
particular, an extended Hamiltonian in ?{ext should determine a dynamics ||S > 
(t) compatible with the standard |S > (t) through the previous correspondence 
of states. 

There is not a correspondence for the corpuscular variables Aq, which do not 
exist in the orthodox theory. We could incorporate hidden 7ri(Ao) labels (for 
each set Jq of compatible magnitudes) to the interpretation of the standard 
theory, without observable consequences. 

An interesting property of this formulation is the classical limit. Classical 
limit for an elementary particle has no physical relevance. Plank’s constant 
can not be driven to 0, and quantum effects from the wave component are 
unavoidably relevant. The relevant classical limit applies to complex systems, 
with many components. For them, only coarse-grained, global, macroscopic 
variables are observable. Classical additive state variables of the corpuscular 
component survive in the classical limit, while wave variables become irrelevant 
and we can apply —>■ 0. In particular, only corpuscular variables are observable 
in the interaction with a macroscopic system as a measurement apparatus. 

The quantum Hamiltonian JJq for Ao(t) evolution can be rewritten as JIq = 
Hclass + bgM) with Hdass the classical Hamiltonian. Vqm is the (possibly 
stochastic) interaction term (quantum potential in Bohm’s formulation [3]) be¬ 
tween corpuscular and wave subsystems, and also disappears in the classical 
limit. 

Quantum interaction between particle and vacuum wave is out of reach of 
observation, we can not analyse its deterministic or genuinely probabilistic char¬ 
acter. Therefore, the observable evolution must be described in a probabilistic 

^Equivalently, given ^(Ai) and the change of bases of eigenvectors in 'Hqm for s-U maximal 
compatible subfamilies T2, , ... of the considered physical magnitudes 

®Wigner’s quasiprobability distribution m in the phase space of a point particle is an 
example of partial solution for the analogous problem of existence of a distribution of prob¬ 
ability in an extended phase space, with hidden variables. The positivity requirement for 
probabilities can not be generically fulfilled. 
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formulation, that incorporates wave like effects through amplitudes and Born’s 
rule. In the classical limit, once these effects become negligible for global state 
variables, we get a deterministic theory. 

An observable ingredient that does not exist in the orthodox theory is the de 
Broglie wave subsystem; recall it was introduced in order to preserve the ARP 
in indirect measurements, when particle and detector in different spatial regions 
can not interact, if we maintain the hypothesis of locality. 


4 Composite system 

Let 5 be a composite quantum system, with components (subsystems) Si and 
Si I, T a family of physical magnitudes of 5, Ti magnitudes specific of subsystem 
Si-, Tii of 5/7, and Tint magnitudes, as a potential of interaction, defined on the 
composite. As before, a Hilbert space H-ext is defined through an orthonormal 
basis of vectors ||A >= \\\i > HA// > ||Ai„t >, A/ G Mj^^, etc. 

For example, two independent systems with vectors of state 

ll-S”/ >= ^ Z7(A7)||A7 > IIS'// >= ^ Z77(A77)||A77 > (12) 

A/ Xii 

define a state of the composite 

||S>= ^ Z/(A/)Z//(A//)||A/> ||A//> (13) 

In general, when both subsystems interact the state of the composite will 
not be a direct product, but some 

||S>=^Z(A)||A> (14) 

A 

in which additional magnitudes of interaction could be taken into account, and 
appear in A. 

If Ai and Bn are a maximal family of compatible operators in Ti and Tn 
respectively (magnitudes of a system trivially commute with magnitudes of the 
other), the projection of ||S > onto 'Hai x T~Lbii is 


TA,Bi,i\\S >) = X] I 1 11 “^* > >= ( 15 ) 

\'7rAjT)=o-It,'rrBjjW=biij/ 

X] ^(o/i, ^7/i)||a/j > ||^//j > (16) 

i,3 

with Z(aii,biij) the corresponding marginal amplitudes. 

Correspondence with the standard formalism will be fulfilled if the previous 
state is an equivalent representation of the orthodox lA >= j l®7* ^ 
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\biij >. A state is said to be entangled if Cy does not factorize, or in the 
extended formalism, if Z{X) does not factorize. 

Relative frequencies are obtained as usual, P{aii,bjjj) = in the stan¬ 
dard formulation when [S' > is normalized, and P{aii,bjjj) :: \Z{aii,biij)\‘^ in 
the alternative formulation. Obviously, P{an) is obtained as a marginal proba¬ 
bility P{aii) = J2^P{aii,biij), and it is independent of the chosen magnitude 
in the second system, e.g. P{aii) = P{aii,ciik) for a magnitude (more 
precisely, maximal family) C//. 

The (extended) state of system S is determined by some vector US' > and 
label Aq = (A/o,A//o), if we ignore for simplicity magnitudes Pint, for example 
because after interaction both subsystems are far apart. Aq determines the re¬ 
sult of an arbitrary measurement, or pair of independent measurements on each 
subsystem. When measuring system Si its new label Ajg will change (magni¬ 
tudes non commuting with the one measured will evolve along the measurement 
interaction), but this does not modify the label A//o, because all magnitudes in 
Pi I commute with the measured magnitude in Pi. With regards to the rela¬ 
tive frequencies, as we said P{biij) is independent of magnitude A/ measured, 
although there will be in general a correlation in P{an,biij). 

If we understand the amplitudes Z{X) as result of a relativistic path integral 
calculation, virtual paths characterized by A = (A/, A//) are contained in the 
past light cones of events corresponding to A/ and A//, and in the shared past 
region of both there will be contributions of interaction terms in the action 
integral. This is the origin of correlation. After both subsystems separate, 
do not interact, the additional contributions along each individual path will 
not modify the established correlation, although obviously they can generate 
individual evolution of each subsystem. That is, all correlation information in 
Z{X) has a causal origin in the path integral formalism. 

Given a magnitude A/ of Si and two non commuting magnitudes Bn and 
Cl I of Si I we can calculate the marginal Z{aii, bnj, cnk), and a formal 
P{an, biij, ciik). Again, the marginal P'{an,biij) = P{aii,biij,ciik) will 
not match generically the observable P{aii,biij, because of interference in the 
marginal amplitude Z{aii,biij) = J2k Z{aii,biij,ciik)- 

Let us consider a correlated magnitude Ct = Ci + Cn, with value ct, as a 
consequence of a past interaction. The label Aq (corpuscular degrees of freedom) 
will fulfil the equation 


(^o) = Ct = TTCj (Ao) + TTCiii^o) = cik + ciik (17) 

so that perfect correlation appears in a measurement of magnitudes Ci and Cn 
on the entangled pair. A subset Mcorr C Mjr determines the correlated values. 

Similarly, the vector of state (wave degrees of freedom) fulfils C't||S' > = 
ct\\S >. If {Ci, Cn} is a maximal family of compatible magnitudes, the pro¬ 
jected state 
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Z{X) ||c7fe > \\ciii > (18) 


'TC/Cj/dl-S'>) = ^ I ^ 

k,l \TTCj(>~)=cik,Trcjj(\)=cin 

defines, as usual, the marginal amplitudes Z{cjk,cjji), which vanish of cjk + 
Cm ^ ct- 

However, not all terms Z(X) with A G Mj^/Mcorr necessarily vanish, it is 
enough that interference in the marginal Z{cik,cm) is destructive. That is, 
Ao G Mcorr, but parameter A in the sum defining US' > belongs to Mj^. As an 
example, in the two slit experiment wave amplitudes coming from both slits do 
not vanish in a zero of the diffraction pattern, and a destructive interference 
of both determines the null probability density there. A correspondence with 
the standard state |S >= Ylk ^k\cik > \ciik > (cjk + cuk = ct) can now be 
established, \zk\ :: |^(c/fc, c//fc)|. 

With another correlated magnitude Dt = Dj + Du, with value dx, we can 
define the marginals 


Z{cjk, Cjjl, djjjit djIn) — Zklmn ( 1 ^) 

as usual, and formal, unobservable, probability distributions P{cik,cm,dim, 
diin) whose marginal probabilities do not match those obtained through Born’s 
rule. 

As pointed out before, Zkimn does not vanish generically for cjk + cm ^ 
Ct or dim + diim ^ dr- Only the marginals, used in Born’s rule to obtain 
observable relative frequencies, Z{cik,cm) = Zki = ^mn Zkimn will vanish 
for cik + Cm ^ Ct- Therefore, in a marginal Z(cik,diin) = T.im Zkimn there 
will be contributions of terms Zkimn where cik + cm ^ ct- We can compare 
this generic case with the two slit experiment, corpuscular variables Aq have a 
definite, but hidden, value (e.g., left or right slit) while wave degrees of freedom, 
the amplitudes, have generically all possible components, although they can 
interfere destructively in some marginals. In next section a particularly relevant 
case, pairs of spin 1/2 entangled particles with total null spin, is analysed. 

The double role of amplitudes, as source of wave like effects and in Born’s 
rule for observable relative frequencies, is behind the quantumness of QM in the 
proposed formulation, instead of a non local wave function collapse. There is 
no essential distinction between entanglement and the two slit experiment. 


5 Applications 

5.1 Two slit experiment 

The relevant variables in the two slit experiment are the slit variable S, with 
value L or R, and the position at the final screen R, with values r^. Slit and 
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final position do not commute. Paths can be grouped in families El [pcith]{L,ri) 
and [path]{R, r^). The extended Hilbert space is generated by elementary states 
||L, Ti > and ||i?, >. The vector of state is 

\\S>=Y,ZiL,r,)\\L,r, > + ^ Z(i?, r,)||i?, r, > (20) 

i i 

with projections 


and 


Ts{\\S >) 


4(11^ >+p>) 


( 21 ) 


TRdl^ >) = ^(^(iv,r,) + Z{R,n))\\n > (22) 

i 

This one is also the orthodox vector of state in the position coordinates repre¬ 
sentation at the final screen. 

The formal distribution of probability 

PiL, r,) = |Z(L, r,)P P(i?, r,) = \Z{R, r,)P (23) 

is not observable. The marginal 

Z{r,) = Z{L,r,) + ZiR,r,) (24) 

determines the observable diffraction pattern P{ri) = \Z{ri)\^. 

Let us suppose that an external system interacts with our system of interest 
(particle plus de Broglie wave) at the R slit. For simplicity, let us consider that 
the new amplitude Z'{R, r^) is similar in modulus to the unperturbed Z{R, r^). 
However, there will be some phase shift Z'(i?, r^, </>) ~ e*‘^Z(i?, r^). If we use, 
for example, a beam of coherent photons, and the additional system is a phase 
plate of known phase shift, we will obtain a displaced diffraction pattern. 

If the additional system is a (more or less complex) measurement apparatus, 
the phase shift will be unknown. A statistical average on the phase (e.g., with 
uniform distribution) determines a total distribution of relative frequencies 

F'(r.) = ^/ d((.|Z'(i?,r„0) + Z(L,r,)|2~|Z(A,r,)P + |^(L,r,)P (25) 

and the diffraction pattern disappears. We can observe now, by correlation with 
the positive/negative result of measurement in slit R, the marginal distributions 
P'{R,ri) and P(L, r^). In practise, we can apply the projection rule according 
to the result of measurement at R slit. A stochastic phase shift at measurement 
interactions determines the projection of state as a practical rule. 

^Magnitudes associated to a path are not necessarily values at its final point. Virtual paths 
going through L and R slits are disjoint families. 
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5.2 Spin variables 

Let us consider a spin 1 /2 particle. The most general family of spin variables will 
contain spin (up or down) in an arbitrary number of directions , unit vectors 
in space. T = {S'!, S' 2 , ■ ■ ■}, with = {+, -} and Mjr = {(si,S 2 ,...)}; Sj is 
+ for spin up and — for spin down in direction rij B 

The extended Hilbert space Hext is generated by elementary states ||A >, 
A = (si, S 2 ,...) G Mjr. Orthodox Hilbert space is a two dimensional one T-Lqm, 
where we can use each {|+j >, |—j >} basis of spin up/down states in direction 
nj- 

Let us associate a fix “path” amplitude to each spin value, for coplanar 

directions or SjNj for directions in space, with Nj a quaternion number (with 
null real part) Nj = Ujl + n^J + rijK associated to the vector + n^j + 

n|k dU]. The amplitude associated to an elementary state ||A > will be 

Z{X)=Y,SjN, (26) 

3 

A states with known spin si in direction ni is 

||si>= ^(A)||A> (27) 

7ri(A) = si 

Projection over the two dimensional Hilbert space for operator Si, when using 
the basis {||+i >,|| —1 >}, trivially reproduces the orthodox |si >: in the 
marginal amplitude, terms SjNj and —sjNj for j > 1 cancel out, and a global 
factor can be ignored. 

Projection over the Hilbert space for operator S 2 , using the basis {||+2 > 
, ||-2 >}, gives 

^■ 2(1131 >) = Af {{siNi + iV2)||+2 > +(siA^i — A^2 )||—2 >) (28) 

with Af a global factor. There is a correspondence, when appropriate phases 
are introduced in the correspondence of vectors, between 'r 2 (||si >) in the two 
dimensional quaternion Hilbert space "Hsj =< ||+2 >,||—2 >> and the standard 
expression in the orthodox complex Hilbert space. 

All orthodox spin states of an individual particle are eigenstates of the spin 
operator in some spatial direction. The former correspondence allows to rep¬ 
resent them in the extended phase space. On the other hand, the label Aq in 
the state (||si >,Ao) will project onto a label si (known for state ||si >) or 
S 2 (unknown at the ensemble state (siA^i -I- A^ 2)||+2 > + (siA^i — A^ 2)||—2 >)• 
The (hidden) label determines the value of spin measurement in arbitrary di¬ 
rection nj, Sj = TTjlXo). Born’s rule in two steps for the extended formalism 
reproduces the standard results. Operators Sj commute. For dynamical pur¬ 
poses, additional operators Sj fulfilling the standard [S')?, S'^] = ihS^ should be 
considered. 

^^Direction —n, is redundant, because S—n = —Sn . 

J 1 llj llj 
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Let us consider a composite system of two spin 1 /2 particles 5“ and in a 
total null spin state. The label Aq will fulfil 7rj(Aao) + T^ji^bo) = 0, i.e., perfect 
correlation s“ + sj = 0, determining a subset Mcorr C the total family of 
operators is U = {S'“, , ■ ■ ■} and = {S'J, ...}. 

The vector of state for the composite will have the form 

||5>= ^ Zt(A)||A“>|1A''> (29) 

AeMj. 

Notice that A is not restricted to Mcorr, a-U we have to impose is that marginals 
Z(si,s\ = sj) = 0, through destructive interference. A solution for the ampli¬ 
tude distribution is 


Zt{X) = Zt{M, a'’) = Z(A“) - Z(A'') ( 30 ) 

where Z{\) is as before Z{\) = sjNj. 

Let us consider two directions rii and n2, with variables (s“, S2, sj, S2). The 
marginal amplitude becomes 

■^(l,2)“,(l,2)*>(s)‘, S2 j Si, S 2 ) = (Sl — Sl)A^l + (S2 ~ ■S2)fV2 (31) 

up to a total factor; all coefficients of Nj for j > 2 vanish. Therefore, ^(i,2)“,(i,2)>> 
(s“,S2,Si = s“,S2) = (^2 ~ S2)N2 ^ 0 . However, the observable amplitudes of 
measurement in direction rii for both particles is 

Z^a^^t{sl,s\) = {sl-s\)Ni ( 32 ) 

We get Zio, ib{si, s\ = s“) = 0 , ii,(sj, sj = —sj) = 2 s“A^i, and a probability 
distribution P(si,si) = 0 , P(si,—si) = 1 / 2 . 

Similarly, the observable amplitude Z^a 2i> for measurement Si of particle a 
and S2 of particle h is 

Zi,.^ 2 ^{st,sl) = slNi-slN 2 ( 33 ) 

with the quantum associated probability distribution P(s“, S2) :: |s“A^i — S2fV2p 
= 2(1 - s“s2 ni • n2) 0- 

If we calculate the marginal amplitude for direction Si of particle a and 
directions S2 and S^ of particle b 

^l^(2,3)->(s^ ( 52 , 53 )') = s’lNi - (s^ 7 V 2 + S^N^) ( 34 ) 

we can define a formal distribution of probability 

^(51,(52,53)^) = (S 2 , 53)^)^ ( 35 ) 

A/"* = — A^i for quaternions without real part, and A^2 = • ri2 —ni x n2; in the 

former expression, the dot product is the real part and the cross product the imaginary part 
of a quaternion. 
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The marginal probability P'(si,S 2 ) = , (s 2 ,+ 3 )*') + , (s 2 ,- 3 )^) does 

not match the former one, because of interference when applying Born’s rule in 
two steps, 


Zia 26 (Si, S 2 ) — ^l“,(2,3)'>('Sl, is2, + 3 )^) + -^l“,(2,3)'>(Sl) (52, ~3)^) (36) 

and 

-P('Sl: •• |■^l‘*,(2,3)'>('Sl) (52, + 3 )**) + ^1“,(2,3)'>(5i) (52, — 3 )^)^ (37) 

differs, even projectively, from 

I'^1“,(2,3)*>(5i, ( 52 , +3)^)P + |■^l“,(2,3)'>(5l, (52, — 3 )^)^ (38) 

There is a full analogy with interference in the two slit experiment, for exam¬ 
ple if we identify the third magnitude S 3 G {-b, —} with the slit {L, R}. Bell’s 
inequalities prove that there is no distribution of probability in a space with 
hidden variables whose marginal probabilities reproduce the quantum result. 
What we have here is a distribution of amplitude in the extended space of 
hidden variables; through the defined correspondence (marginals, interference, 
Born’s rule) it reproduces the orthodox quantum phase space representation. 

Corpuscular variables Aq fulfil the perfect correlation condition, and deter¬ 
mine the result of arbitrary measurements in a correlated pair of particles (US' >, 
(Aao, Afeo))- The distribution of probability for observable magnitudes depends 
on the wave degrees of freedom US' > (common for an ensemble), the distri¬ 
bution of amplitudes. Born’s rule in two steps gives way to interference, wave 
like phenomenon that does not appear in a marginal probability. The distribu¬ 
tion Z{X) of the entangled system, as well as the corpuscular variable Aq, are 
fixed from the generation event of the two entangled particles. No non local 
phenomenon is invoked in the former mathematical description. 


6 Summary and Outlook 

A formalism of non relativistic Quantum Mechanics in which elementary states 
have joint precise values of non commuting magnitudes has been developed in 
order to restore the action reaction principle, which is contradictory with the 
projection of state. 

An abstract path integral formalism, with families of virtual paths more 
restrictive than the standard one, suggest that a correspondence with all pre¬ 
dictions of the orthodox theory could exist. The two slit experiment and the 
phase space of spin variables have been formulated in the extended phase space. 

Contextuality and non locality of Quantum Mechanics appear here as in¬ 
terference properties of wave like degrees of freedom. The mysterious double 
role of amplitudes, at interference and determining probabilities, is the source 
of these non classical properties of quantum systems. 
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An accompanying, wave like subsystem is predicted when particle and de¬ 
tector are spatially separated in indirect measurements, in order to preserve 
locality of interactions and the action reaction principle. An appropriately de¬ 
signed detector could show observable reactions; they would be assigned either 
to a non local interaction between the corpuscular component and the detector 
or to a local interaction between a de Broglie wave component and detector. 
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